Robust self-testing of the singlet 
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In this paper, we introduce a general framework to study the concept of robust self testing which 
can be used to self test EPR pairs and local measurement operators. The result is based only 
on probabilities obtained from experiment, with tolerance to experimental errors. In particular, 
we show that if results of experiment come approach the Cirel'son bound, or approximates the 
Mayers- Yao type correlation, then the experiment must contain an approximate EPR pair. More 
specifically, there exist local bases in which the physical state is close to an EPR pair, possibly all 
encoded in a larger environment or ancilla. Moreover, in theses bases the measurements are close 
to the qubit operators used to achieve the Cirel'son bound or the Mayers- Yao results. 
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Introduction. — It is well known by now that the 
correlations obtained by measuring entangled quan- 
tum systems cannot be reproduced with classical re- 
sources. In fact, for some of these correlations, a much 
stronger statement holds: they can be reproduced only 
by measuring a specific quantum state in a specific way. 
To date, two such examples are known for the bipar- 
tite case. One uses the Clauser-Horne-Shimony-Holt 
(CHSH) criterion [1( to state the following: if the max- 
imal quantum value CHSH = 2V2 |2j is observed, then 
the state being measured is necessarily equivalent (in 
a sense to be made rigorous below) to a maximally 
entangled state of two qubits, which will be referred 
to as "singlet" from now on. Moreover, both the mea- 
surements on Alice and the measurements on Bob must 
anti-commute [3[ [4[ . The other criterion is due to May- 
ers and Yao: it uses a different observations to reach 
the same conclusion [5|. Since the Mayers- Yao corre- 
lations cannot reach CHSH = 2-\/2, the two criteria 
are incquivalcnt. Compactly, we shall say that these 
two criteria realize the self-testing of the singlet and of 
some measurements. 

The possibility of self-testing is all the more remark- 
able because nothing is assumed a priori on the phys- 
ical system or on the measurements, not even the di- 
mension of the relevant Hilbert space: in principle, 
these are device-independent assessments, based only 
on the observed statistical data. Device-independent 
assessment has been discussed in various scenarios, in- 
cluding adversarial ones, which may provide the ulti- 
mate test of trustfulness. More realistic, and probably 
more relevant for today's physics, is a scenario in which 
neither the experimentalists nor nature are assumed to 
cheat, but where one wants a simple and direct check 
that nothing serious is going wrong, that there are no 
undesired side channels etc. 

In order to be practical, a self-testing procedure must 
be robust, i.e. tolerate deviations from the theoretically 



ideal case. A mathematical tour de force has recently 
provided a robustness bound for the Mayers- Yao test 
[fj ■ To our knowledge, no robust bound is available for 
the CHSH test, a situation that plagues the applicabil- 
ity of the corresponding device- independent assessment 
of entanglement of a source [7|] and a measurement [8[ . 

In this paper, we prove a general sufficient criterion 
for a set of correlations to provide robust self-testing 
of the singlet. Then we prove that both the CHSH 
and the Mayers- Yao tests satisfy this criterion and give 
the explicit bounds. The proofs use rather elementary 
quantum mathematics, following the simplification of 
the Mayers- Yao proof by one of us [9l4llj . 

Definitions and notation. -- We are aiming at self- 
testing the presence of a maximally entangled state of 
two qubits in unknown devices. This goal calls for a 
suitable definition. Indeed, there is nothing like an iso- 
lated qubit in nature: if one wants to measure the spin 
of an electron, the whole electron with its wavefunc- 
tion is present; and if the qubit is the polarization of 
an optical mode, we are allowing the whole electromag- 
netic field to be present. So there will surely be degrees 
of freedom which do not encode the state of interest, 
but are nevertheless present. Also, there must be a 
local frame of reference for each device in order to de- 
fine the measurements. Because of these two facts, our 
definition must allow for additional ancillas and local 
changes of basis. We do so by using an isometry, that is 
a linear map $ : Ha -^ T~Lb that preserves inner prod- 
ucts. As a concrete example, adding an ancilla and 
applying a unitary to the total system is an isometry. 

Now we are ready to formalize our definition. We say 
that a pair of devices A and B hold a pair of maximally 
entangled qubits if there exists a local isometry $ = 
<&a <8> ®b that takes the state \ifj') AB to 



®W) AB ) = \J unk ) 



AB\ 



'AB 



(1) 



and physical observables M' A and N' B operate as 

$ {M' A N' B W) AB ) = \junk) AB M A N B \4> + ) AB (2) 

for some Ma and Nb to be specified later, fn other 
words, we aim at checking that there exist a choice of 
local bases such that (i) the state looks like an ancilla 
tensored with a maximally entangled pair of qubits; 
and (ii) the measurements act non-trivially only on the 
pair of qubits. 

A word about notation: we use primed notation {X 1 , 
\ip') etc.) to represent the observables and states in the 
actual quantum devices. These will be unknown (even 
their dimensions) except for a few properties that we 
shall specify. Non-primed operators X and Z refer to 
Pauli operators while the singlet is given by \4>+) = 
^(|00) + |11». 

Circuit for self-testing. -- We start by presenting a 
set of sufficient conditions to self-test the singlet along 
with the associated measurement operators. The state 
\ij/) can be taken as pure without loss of generality, 
since the dimension is not fixed and one can always add 
the ancillas for purification. We assume further that 
the state is always the same in each run of the exper- 
iment, which is reasonable in the non-adversarial sce- 
nario (this assumption could be removed, for instance, 
using Azuma's inequality as in |12j : we have decided 
to deal with this technical complication in a full-length 
publication). The measurement settings are denoted 
by {A' , A' 1: . . .} on Alice's side and {B' , B[, . . .} on 
Bob's side. For all that follows, it is a crucial assump- 
tion that [A'p B' k ] = 0: this can ultimately be enforced 
by space-like separation of the measurement; but one 
may be less demanding and take simple spatial sepa- 
ration as a sufficient guarantee of commutation. 

With these notations and assumptions, the following 
theorem holds: 

Theorem 1. Suppose that from the observed correla- 
tions, one can deduce the existence of local observables 
{X' A , Z' A } (functions of A\), and{X' B , Z' B } (functions 
of B[) with eigenvalues ±1 ; which act on the bipartite 
state \ip') such that 

(3) 
(4) 
(5) 
(6) 

Then there exists a local isometry $ = <&a <8> &b ond a 
state \junk) AB such that 

\\${M' A N' B W)) - \junk) AB M A N B \4> + ) AB \\ < e (7) 
for M, N e {I, X, Z} and e = (llei + 5e 2 )/2. 



Proof. The isometry is constructed as in figure [TJ For 



\\(x' A z' A + z' A x' A M)\\ 


< 2ei 


Mx' B z' B + z' B x' B )W)\\ 


< 2ei 
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< £2, 


\\(z' A -z' B W)\\ 


< e a . 
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FIG. 1: Local isometry <3>, where M,N € {I,X,Z} 
the case where M = N = I,thc isometry gives 

$(IV>'» = \{i + z' A ){i + z' B )W)\m) 

+ \x' B {I + Z' A ){I - Z' B )W)\Ql) 
+ \x' A {I - Z' A ){I + Z' B )W)\IQ) 

+ \x' A x' B {i - Z' A ){I - Z' B )W)\ll). (8) 

The rest of the proof is a series of estimates based on 
j3][6|) and on the fact that the operators are unitary 
and Hcrmitian. The bounds arc rather simple to derive 
(and they are obvious in the limiting case e± — e 2 = 0): 
for clarity, we give only the results in the main text and 
provide the detailed derivation in the Supplementary 
Information. 

In the expression for $(|^')) above, the second and 
third line are each bounded by £2/2, while the last line 
differs from the first by ei + e 2 - From these, we have 



w»- 



(I + Z' A )(I + Z' B ) 

2\/2 



W)\h 



<ei 



2e 2 - 



(9) 
This is already the desired form and we would like to 

identify {i+z ' a ^ +z ' b) \ip') with \junk); but the latter is 
supposed to be normalized, while the former may not 
be (unless ei =£2 = 0); so we have to estimate the er- 
ror that is introduced by normalizing the state. This is 
found to be (ei + £2)/2, the most tedious estimate be- 
ing the one that bounds from above both |(V' / |^|V ,/ )I 
and \(i/j'\Z' b \iI;')\ with t\ + e 2 . All in all therefore 



IMm-lJunk^WK-e, 



:£2- 



(10) 



This is the self-testing bound for the state. In or- 
der to derive the bound for the action of the opera- 
tors, we notice that $ (M' A N B \ip / }) = \(I + Z' A )(I + 
Z' B )M' A N' B \^')\00) + (similar terms). One starts by 



propagating M' A and N' B to the left using ([3]) and 
((4]). In the worst case, i.e. when both M' A and N' B 
are not the identity, this preliminary step adds 4ei to 
the bound. The resulting expression is analogous to 
([5]): then, one follows the same steps as above. □ 

This theorem implies that there exist some local 
bases in which, up to some small error, the state shared 
by the quantum devices is a singlet together with some 
ancillas in an unknown state, and the derived operators 
X' and Z' operate only on the singlet. Additionally, 
in these local bases, X' and Z' are close to the Pauli 
X and Z. In the remainder of the paper, we are go- 
ing to show that (J3J5]) follow from both the CHSH and 
Mayers- Yao correlation experiments: therefore, both 
experiments can be used for robust self-testing. 

Robsut self-testing using CHSH. - - As mentioned 
above, a robustness bound for the CHSH-based self- 
testing was missing. We provide it here: 

Theorem 2. Suppose that the observables A' , A[, B' 
and B[ with eigenvalues ±1, acting on a state {ip'), are 
such that 



where \M\ 
Hcrmitian 



'M 2 . Clearly they are all unitary and 
Moreover, {X' B ,Z' B } = by construc- 



tion, thus establishing a tighter version of ((H) . All the 
subsequent steps are again somehow pedestrian, so we 
sketch them here and leave the full details for the Sup- 
plementary Information. 

From (|11|) . a suitable use of the Cauchy-Schwartz 
and the triangle inequalities leads to 



\\{A' Q ,A! 1 }\^)\\ < 

\\{B' ,B[}W)\\ < 



2ei, 
2ej 



(13) 
(14) 



with 6i = 2Ve72. Then ^ is established in (fT3]) . 

The third condition ([5]) is proved by obtaining 
first the bound \\(X' A - (B' + B'J/y/5) \i/;')\\ < 
2(ev / 2) 1 / 4 , then the same bound for 

1 1 {X' B - (B' + B[)/V2) \i>') 1 1 ; both derivations 
using (|11[) at one point. The triangle inequality 
completes the estimate. The proof of (|6]) follows the 
same steps. □ 



(V>'| (A' B' + A B[ + A[B' - A[B[) W) > 2v/2 - e, 

(11) 
where < e < 1. Then the conditions of theorem^ are 

satisfied with ei = 2(e\/2) 1 / 2 and e 2 = 4(eV2) 1/4 . 

Proof. To establish the theorem, we need to show the 
existence of four local, Hermitian and unitary opera- 
tors X' A , Z' A , X' B and Z' B that satisfy ©-©• We are 
going to show this for 



X' A = A' 



X' 



o- 
B'o 



B[ 



Z' A = A[. 



\B' + B[\ 



Z' 



B'o 



B[ 



\B' -B[y 



(12) 



Notice that inequality ((7|) applies for M' A = Ao = 
X' A and M' A = Ai = Z' A , N' B = X' B and N' B = Z' B . 
One may want to have a self-testing bound for the op- 
erators that are really measured, B and B[, which 
are not linear functions of the previous ones. The in- 
equality for B' is found by using linearity in the es- 
timations IKX^-iB'v + B'J/Vtyl^W < 2{ey/2) 1 ' i 
and 1 1 (Z' A - (B' Q - B'J/Vf) \if>') \ \ < 2(e % /2) 1 / 4 from 
the proof, then using the fact that isomctries preserve 
the 2-norm. We obtain 



$ [M' A B' W)) - \junk) AB M A XB+ J B \<i> +l 



V2 



AB 



< V2e + 2a/2 



iV2) 



(15) 



The analogous result holds for B[. 

Robust self-testing using the Mayers-Yao criterion. 

- We turn now to the robustness bound for the 
Mayers-Yao correlations. The original scenario uses 
three measurements on Alice's side and three on Bob's 
side; as a matter of fact though, only two measure- 
ments are needed by (say) Alice, so we work in this 



more economic case. 

We have the following theorem: 



Theorem 3. Let < e < 1 be given and let a bipartite 

state \ip'} and observables X' A , . 

with eigenvalues ±1, be given such that 



Xb' %B' 



id D' 



\W\M' A N' B W) - (<t> + \M A N B \ct> + )\ < e (16) 



holds for all M £ {X, Z} and N € {X, Z, D} where 
D = (X + Z)/\/2. Then the conditions of theorem\7\ 
are satisfied with ei = 2(1 + \/2)(2e) 1 / 4 + Ay/2e + 
5+§^(2e) 3 / 4 and e 2 = V^. 

The proof is included in the Supplementary Informa- 
tion. The critical step is to use the strong non-classical 
correlations between D' B and both X' A and Z' A to es- 
tablish that the latter approximately anti-commutc. 
Interestingly, D' B is used only in this task, and does 
not play any role in the other estimations or the con- 
struction of the isometry. 

Discussion. - We have presented robust self- 

testing bounds for the singlet from the two criteria of 
CHSH and Mayers- Yao. These tools can be used for 
the device- independent assessment of state preparation 
and measurement devices, in protocols that are based 
on these criteria. For instance, in [7J the authors de- 
fined the "Mayers- Yao" fidelity as a device independent 
state estimation parameter based on its CHSH viola- 
tion. They conjectured a lower bound on this fidelity in 
terms of the CHSH value, giving a construction which 
saturates the bound. However, no actual lower bound 
was given. Our robustness bound for self-testing using 
CHSH can be straightforwardly converted into such a 
lower bound, the dominant contribution to which is 



Fmy(W))>1 



t(9\/2< 



g + 2-lOOe^ +2*60e*) (17) 



where e is defined as in (fTT|) . This bound is rather 
loose: the fidelity drops to Fmy = 20% already for 
e«l(T 4 . 

More importantly, the framework introduced here al- 
lows one to generalize the concept of self testing in 
different ways. For instance, our framework is an in- 
teresting contrast to the previous device-independent 
work with the CHSH inequality [12j [7Jas we do not rely 
on Jordan's lemma |14| to reduce the high dimension 
case to the qubit case. Jordan's lemma only applies 
in the context of two measurement settings and two 
outcomes, which limits the applicability of the proof 
techniques used in these previous papers. The current 
proof technique thus provides an opening for testing 
in scenarios with more settings or outcomes, with the 
Mayers- Yao scenario a concrete example. 

Considering the similarities between the CHSH and 
Mayers- Yao experiments we use here, it is natural to 
ask whether they can be generalized to a larger class of 
experiments which can be used to self test singlets. The 
framework we use here is a natural starting point for 
such an enquiry since it is agnostic as to the number of 
settings or outcomes, requiring only that a pair of anti- 
commuting operators can be found, or constructed as 



in the CHSH case. It also naturally extends to multi- 
partite scenarios as in [10(. 
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Detailed derivation of the bounds used in 
Theorem [l] 

• Bound for the second line of (O, the one for the 
third line being identical: 

\\(i + z' A )(i - z' B W)\\ < 

\\(I-Z' A Z' B M)\\ + \\(Z' A -Z' B M)\\^2e 2 . 

• Comparison between the first and the fourth line 
of ©: we want to bound 

\\x' A x B (i + z' A ){i + z' B )W) - (i + z' A )(i + z' B )W)\\ 

The trick consists in propagating X' A X' B to the 
right using ([3]) and (QJ. This costs 4ei and leads 
to 

||(7 + Z A )(I + Z B )(X A X' B - /)|^)ll • 

Using (JSJ), this can be replaced by zero at the cost 
of 4e 2 . 

• Bound for |(?/;'|Z^|-0')|, the same holding for 
|(^'|Z^|^')|: this proof uses routinely two argu- 
ments: (i) the fact that the operators are uni- 
tary, and (ii) the fact that if |||<p)|| < £, then 
I {x\f} | < e for all normalized |%). We need to 
establish two relations. From (i) and (j4}, 

\\Z' A X' B W)- Z' A X' A W)\\ <e 2 

. By inserting = X' A Z' A — X' A Z' A , the triangle 
inequality and ([3]) lead to 



\Z A X' B \i/)+X' A Z A \^\\<2e 1 



£2 



Using (ii) with \\) = X' B \ip') and the unitarity of 
X' B i 



\W\Z A \1/) + W\X' B X A Z A \il>')\<2e 1 



£2- 



Finally, since the left hand side is an absolute 
value, the same holds for the conjugate; whence 
we find the first relation 

\(i/\Z A \i/) + (i/\Z A X A X' B \f//)\ < 2 £l + e 2 . 

The second relation is 

\{i>'\Z' A W)-W\Z' A X> A X' B W)\<e 2 , 

obtained simply by combining (i) and (|S|) in the 
form \\Z' A \^) - Z' A X A X' B \i>')\\ < e 2 , then using 
(ii) with \x) = \ip')- The two relations together, 
by triangle inequality, imply |(^//|.Z^|^/}| < ei + 

£2- 



• Bound for the norm of the state: notice first that 
(f + Z' A ) 2 = 2(1 + Z' A ) and similarly with Z' B . 
Therefore we have 

\\{i + z' A ){i + z' B )W)\ \ = 

2^/1 + w\z A w) + mz' B w) + mz> A z' B w) . 

We have derived in the previous bullet 
-(ei+e 2 )< W\Z' A W) <£i+£ 2 

and the same for Z' B . As for the last term, it 
satisfies 

l-el/2<(4>'\Z' A Z' B W)<l 

where the upper bound is trivial and the lower 
one is just a rewriting of (JB]). Neglecting the con- 
tribution in e 2 ,, we find 



VI - ei - £2 < 



\\(I + Z A )(I + Z' B W) 

2x72 



< yT+li +£ 2 



With the expansion y/1 + 6 < 1 + 6/2 we find 
that the error made in normalizing the state is 
at most (ei + e 2 )/2 as claimed. 



Detailed derivation of the bounds used in 
Theorem [2] 



• Exact anti-commutation of X' B and Z' B : first 
note that, B' and B[ being hcrmitian and uni- 
tary operators, it holds \B' + B[ \ = \/2 + Al and 
\B' -B[\ = V2-M with M = B' B[ + B[B' ; 
thence these two operators commute, being an- 
alytic functions of the same operator. Further- 
more, both B' and B[ commute with M too, and 
therefore with both \B' + B[\ and \B' Q -B[\. Fi- 
nally, it is easy to show that B' + B[ and B' Q — B[ 
anti-commute. 

• Derivation of ([TU)) and (Tbl|) : the square 
of the CHSH operator is C 2 = 4 + 
[A' a , A'-^B 1 ^ B' \. Therefore the Cauchy-Schwartz 
inequality \{ip\C 2 \ip)\>\(ip\C\^)\ 2 together with 
(fTTjl gives 

W\[A' ,A' 1 ][B[,B' ]\ip')>4-6 

with 6 = 4\/2e - £ 2 . Explicitly, the l.h.s 
is the algebraic sum of (ip^A'^A^B^B'^ij} 1 ) and 
three similar terms, each bounded by 1 in ab- 
solute value since each operator has co-norm 



equal to 1. Therefore, loosely speaking, we have 
(V-'IA^BiW) * (^\A[A' B' B[m ~ 1 and 
mA' A[B' B[\i;') ~ (V'K^iW) * -1. 
Now, from the precise relation 



(^'l^i^Bi+^^Bi^l 



< -2 + 5. 



we obtain 



2+^'I^^B^i+^^^B^ 



\\{A' A! 1+ B' X B ' Q )W)\\ 



Now, (^||B&+B{||V0 = (TP'\\A' (B' +B[)\\i>>) > 
(ip'\A' (B' + B[)\i>') > V2~Vl + ? where the last 
inequality is (fT8|). Then one finds, as above: 



B'o 



B[ 



V2 



W)-x' B W) 



< y / e 1 +2e'. 



The triangle inequality applied to this and the 
previous estimate leads to 



\\{X' A -X' B ) W)\\ < 2y/e 1 +2e' 

= 4(eV2) 1 / 4 - 0(e 3 / 2 ) 



In a similar way, one proves that 
\\(A> A[ - B' B[W)\\, \\(A[A' - B[B' M)\\ 
and IKA^A'q + B'qB'^IiP^W are also bounded 
above by v<5. The relations (|13j) and (|14l) follow 
from these four, using the triangle inequality, 
leading to e x = Vd = 2V/C72 - 0(e 3/2 ). 



Bound for 1 1 (X' A - {B' + B[)/V2) |V) 



we 



open up the norm and use (B' 
{B ,Bi} and ([H]) to obtain 



Bi) 2 = 2 + 



XWBS + WvW) 



< 



2 + e 1 -V2W\X' A (B' + B' 1 )\1>') 



and we have to find an estimate for the last term. 

For this, we start by noticing that the defini- 
tion of the norm and ([14]) imply \[2\/\ — e\ < 
\\(B' Q ±B[)\il;')\\ < ^2~sJTTTi. In particu- 
lar, the scalar product with the normalized vec- 
tor Ai|V) must satisfy \^>'\A\ (B' - B[) \ip}\ < 
y/2y/l + ei. From (TTTl), recalling that X' A = A' Q , 
we find the desired bound 



(^\X' A (B' + B[M)>V2(l-e') 



(18) 



where e' = e/V2+VT+7T-l = \UV2-0(e 3 / 2 ). 
All in all, 



X' A -(B' Q + B[)/V2)\iP' 



< v/ii + 26' 

= 2(eV2) 1 / 4 - 0(e 3 / 2 ) 



Bound for 1 1 (X' B - (B' + B[)/y/2) \ip') 1 1 : we 
start by opening up the norm as before, us- 
ing the additional identities M/\M\ = 1 and 
M 2 /\M\ = \M\, to reach 



X' B -{B' + B[)/V2)W 



<J2 + ei-V2(i>'\\B' + B' 1 \\TP>). 



Detailed proof of Theorem \3\ 

For reference, let us spell out explicitly the hypothe- 
ses (fl6]) that are used in the proof: 



mx' A x' B w) 


> 


1-e 


(19) 


mz' A z' B w) 


> 


1-e 


(20) 


mx' A z' B w) 


< 


c 


(21) 


W\Z' A D' B W) 


< 


1 

^ + e 
V2 

1 


(22) 



W\X> A D' B W) < 



V2 



(23) 



The simple opening of the norm in (119)) and ([20]) 
leads directly to ([5]) and ([6]) in the form 

\\X' A W) - X' B \1/)\\ < V2l (24) 

\\Z' A \4/)- Z' B \ij')\\ < V2l. (25) 

The two other conditions require a bit more of work. 
First we establish 



X'a 



V2 



Z ' A W) 



yl\ + mz A x A w) 



< 



2e: 



(26) 



it follows lj\)'\X A Z A \tf) - 
l7k since \\W\X' A \\ x = 1; 



indeed, from ([25 

whence (ip'\Z' A X' A \ip'} < e + V2l follows from ([2~I]). 
From ((261) and tne hypotheses ([22]) and ([23]) it follows 



^W) 



Since |LD'„ 



^ 



V2 



^ IVO 



\X' A \ 



: V(l + 2V2)e + V27=e'. 
= 1, we obtain 



\Z'a\ 



{D' B fW)-D' B X 



Z' 



X' A 



Z' A 



V2 



d' b W)- 



X' a 



^/2 
Z'a 



V2 



A W) 



< 



V2e' 



Notice that the second bound comes from the conser- 
vative estimate ||(^a + Z' A )/\f2\\ < s/2, but this is 
the best one can ensure at this stage: indeed, we know 
from (j2l>)) that (X' A + Z' A )/^/2 is almost unitary when 
it acts on \ip'}, but we know nothing about its action 
on other states. 

From the last two estimates, together with the 
fact that (D' B ) is the identity, it follows that 

l-((X' A + Z' A )/V2) 2 )W) 



Similarly we may obtain 



< (1 + v/2)e' i.e. 



\\X A Z' A \Tp')+Z A X A \i>')\\<2(l + V2)e>, (27) 

which establishes ©. 

Finally, by evaluating (|2~i)) on a suitable unit vec- 
tor we have \\Z' A X A \ip') - Z' A X' B \tp')\\ < V2l; analo- 
gously, from (ESJ) we have \\X B Z' A \i>') - X' B Z' B \^')\\ < 
\[2~k. The addition of these two gives 



X' A Z' A W)-Z' B X' B \\<^2e. 



From the last two inequalities and (f2~Tf we reach 



\X' B Z' B W) + Z' B X' B \^)\\ < 2(l + V2)e' + 4v / 27, (28) 



which establishes the final condition in (Q|. The value 
of ei given in the main text uses 



'' = ^" 1 + i 0^ )-<*•*>■ 



\Z A X' A W)-X B Z B \\<2V2e. 



